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Abstract. This note uses a variation of graded Morita theory for finite dimensional superalgebras to determine explicitly 
the graded basic superalgebras for all real and complex Clifford superalgebras. As an application, the Grothcndicck groups 
of the category of left Z2-graded modules over all real and complex Clifford superalgebras are described explicitly. 

I. Introduction 

Clifford (super) algebras or special Grassmann (super) algebras play an important role in many 
branches of mathematics such as Clifford analysis, algebras, mathematics physics, geometry and topol- 
ogy etc., see for example [1, 12]. For the finite dimensional superalgebras, there is a natural graded 
Morita theory, which states that a finite dimensional superalgebra is graded Morita equivalent to a 
graded basic superalgebra, see [6, Theorem 2.3] for a more general context. 

Note that some important algebraic objects such as the Hochschild and cyclic (co)homology of su- 
^ ! peralgebras are graded Morita invariants [15] and that the fundamental relationship between Clifford 
o ' (super) algebras and Bott periodicity is established by Atiyah, Bott and Shapiro [1], see also [8] for 
<^ a exposition. It is a natural and interesting problem to determine explicitly the graded basic super- 
algebras for Clifford superalgebras. In this note, using a variation of the graded Morita equivalent 
theory for finite dimensional superalgebras (Proposition-Definition 3.8), we determine explicitly the 
graded basic superalgebras for all real and complex Clifford superalgebras (Theorems 4.8 and 4.12). 
As an application, we determine explicitly the Grothendieck groups of Z 2 -graded modules over all 
real and complex Clifford superalgebras (Theorem 5.4), which is useful to our understanding of the 
Atiyah-Bott-Shapiro isomorphisms. 
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The lay-out of this note as follows. We begin in Section 2 with preliminaries on superalgebras and fix 
our notations. In section 3 we review briefly the graded Morita theory for superalgebras and give some 
useful lemmas. The graded basic superalgebras for all real and complex Clifford superalgebras are 
determine explicitly in section 4. Finally, as an application, we determine explicitly the Grothendieck 
^ ! groups of Z 2 -graded modules over all real and complex Clifford superalgebras in section 5. 

cn ■ 2. Preliminaries on superalgebras 

t> 

In this section, we recall some facts on superalgebras and fix the notations, our references are [2], 
[9, Chapter 3] and [7, §1]. 

2.1. Let K be a field and Z 2 := Z/2Z = {0,1}. By a superspace we mean a Z 2 -graded i^-vector 
space V, namely a K- vector space with a decomposition into two subspaces V = Vq © V\. A nonzero 
element v of Vi will be called homogeneous and we denote its degree by \v\ = i G Z 2 . We will view K 

^ ■ as a superspace concentrated in degree 0. 

" Given superspaces V and W, we view the direct sum V © W and the tensor product V ®k W as 
superspaces with (V © W)i = V t © Wi, and (V K W)i = V ® K Wi © V x ®k Wi-i for i E Z 2 . With this 
grading, V ®k W is called the skew tensor product of V and W and is denoted by V®kW . Also, we 
make the vector space Hom^-(V, W) of all if-linear maps from V to W into a superspace by setting 
that H.om K (V,W)i consists of all the if-linear maps / : V — > W with f(Vj) C W i+ j for i,j G Z 2 . 
Elements of Hom^y, W)q (resp. Hom^(V, W)i) will be referred to as even (resp. odd) linear maps. 

2.2. Recall that a superalgebra A is both a superspace and an associative .fT-algebra with identity such 
that AiAj C Ai + j for i,j G Z 2 . By a superalgebra homomorphism we mean an even linear map which 
is an algebra homomorphism in the usual sense and write A = B provided that the superalgebras A 
and B are isomorphic. 

Given two superalgebras A and B, the skew tensor product A®kB is again a superalgebra with the 
inducing grading and multiplication given by 

(ai©6i)(a 2 ©6 2 ) = (-l) |6l||a2| aia 2 <g>M 2 , for a { G A and fe, G B. 
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Note this and other such expressions only make sense for homogeneous elements. Observe that the 
skew tensor product A®kA®k • • ■ ®kA (n factors) is well-defined and that the supertwist map Ta,b '■ 
A®rB —> B®kA, a <S> b t— > (— l)l a ll & l6 <g> a, for a E A, b E B, is an isomorphism of superalgebras. 

2.3. The main principle for superalgebras is the following rule of signs [5, §111.4] or [9, §3.1.1]: if in 
some formula of usual algebra there are monomials with interchanged terms, then in the corresponding 
formula in superalgebra every interchange neighboring terms, say a and b, is accompanied by the 
multiplication of the monomial by the factor (— )HI 6 I; or equivalently, each letter a, appearing as an 
argument on the left-hand side (LHS) of the defining equation has a degree associated with it, and a 
factor of (-1) is introduced on the right-hand side (RHS) each time a pair of letters on the LHS, both 
of odd degree, appearing in reverse order on the RHS. In order for this rule make sense it is essential 
that every letter on the LHS should appear exactly once on the RHS. 

2.4. Let A be a superalgebra. By a graded A-module M we mean a Z 2 -graded left A-module, that 
is, M is both a superspace M = M © Mi and a left A-module such that AiMj C M i+ j for i,j E Z 2 . 

We denote by A the superalgebra with the same underlying superspace as A but new multiplication 
ab = (-l)l a H b la6. If M is a graded A-module, let M denote the yl-module with M as the underlying 
superspace and operators defined as am= (— l)' a '' m 'am for a EA,m EM. 

Unless otherwise explicitly stated, all our modules will be Z 2 -graded left modules. We denote by 
ModA the category of all A-modules with morphisms 

Hom Mo cu(M, N) := Hom Mo(M (M, N) + Hom Mo dyi(M, N)i, 

where HoniModyi(M N)i, i E Z 2) is consisting of all i^-linear maps / from M to N such that f(Mj) C 
N i+ j and f(am) = (— 1 ) l l a l of (ra), for all a E A, m E M and j E Z 2 . The elements of Hom Modj4 (M, N) 
(resp. B.omuodA{M, N)i) are called even (resp. odd) homomorphisms form M to N. Let GiA be the 
category of all A-modules with even homomorphisms. 

3. Graded Morita equivalent theory 

3.1. Definition. Let A be a superalgebra. The parity change (reps, suspension) functor ir (resp. a) 
from GiA to itself is defined as following: for M = M © Mi in GrA, we define the graded A-module 
7r(M) (resp. cr(M)) by the conditions: 

(i) 7r(M) and a(M) are superspaces with 7r(M)j = a(M)i = M i+1 for % E Z 2 ; 

(ii) the module structure on 7r(M) (resp. o~(M)) is defined by an{m) := (— l)' a '7r(am) (resp. 
aa(m) := cr(ara)) for homogeneous elements a E A and m 6 M. 

For a homomorphism /, we define 7r(/) (resp. cr(/)) is the same underlying linear map as /. 

3.2. Remark. It follows by definition that ir 2 = Idc r A and a 2 = IdcrA; which means that the parity 
change functor tt and the suspension functor a are shifts of the category GrA in the sense of [13, 
Definition 3.2] and [11, §2]. 

From now on we assume that S is either the parity change functor it or the suspension functor a, 
unless otherwise explicitly stated. For an A- module M, following [11, §2], we define the S-twisted 
endomorphism superalgebra of M to be the superalgebra 

End^(M) := Hom Gr A (M, M) © Hom Gr A (S(M), M), 

and define the S-twisted Horn functor to be the functor 

Homf(M,-) : GiA -»■ GrEnd^(M), N ^ Hom GrA (M, N) © Rom GlA (S(M) : N). 

Denote by Mod 5 A the category of all graded A- modules with homomorphisms Hom 5 (M, N). 

3.3. Lemma (cf. [2], p. 123). Assume that A is a finite dimensional superalgebras and that M and N 
are A-modules. Then Hom ModM (M, N) = Hom ModCTl (M, N) and Mod* A = Mod A = Mod CT A 

Proof. First note that for A-modules M and N, by definition, 

Hom Mo d-A(M, N) = Hom^(M, N) = Hom Gr A (M, N) © Hom Gr A (vr(M), N) and 
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Hom Mod ^(M, N) = Hom^(M, N) = Eom GlA (M, N) © Hom Grl (a(M), N). 
Secondly by definition, we have 

Hom Gr ^(M, N) = {f : M -> N \ f(MA C N { and f(am) = af(m), Vi G Z 2 , a E A,m G M} 
= {f : M -> iV | /(M^ C JV, and /(am) = a/(m),Vi G Z 2 , a G A, m G M} 
= Hom GrA (M, AT); 

Hom Grl ( ( j(M),iV) ={/: a(M) — )• iV | f(a(M) i )CN i and f(aa(m))=af(a(rh)) : Vz GZ 2 , aG A mGM} 
={/: M^A^|/(Mi)CiV 1+i and /(am) = (-l) |a| a/(m), V* GZ 2 , aG A, mGM} 
= Hom GrA (vr(M),iV). 

Therefore Hom Mod ^(M, iV) = Hom Modtrl (M, N). 

Finally note that the objects of the categories Mod n A, ModA and Mod a A are same. By the first part 
of the lemma, we only need to show that HomMod 7r A(M, N) = Hohim cL4(M, N) for all A-modules M 
and N; furthermore, it suffices to show that HomQ r a (tt(M), N) = HoniModA(M, N)i for all A-modules 
M and N. Indeed for all A-modules M and N, by definition, 

Hom GrA (7r(M),iV) ={/: tt(M) | /(vr(M)i) CN { and /(avr(m)) = a/(vr(m)), Vz G Z 2 , aG A, mG M} 

= {/: M^iV|/(M i+1 )CiV i and /(vr(am)) = (-l) |a| a/(vr(m)), Vi GZ 2 , aG A mG M} 

= {/: M^AT|/(M i )CAT 1+i and /(am) = (-l) |a| a/(m), Vz G Z 2 , aG A, mG M} 

= Hom Mo cL4(M, N)i, 

where the second and third equalities follow by Definition 3.1 that 7r(M)j = M i+1 , a7r(m) = (— l)' a '7r(am), 
and that f{ir(am) = /(am) for homogeneous elements a G A, m G M and homogeneous homomor- 
phisms /. As a consequence, we complete the proof. □ 

We say that a non-zero A module M is gr-indecomposable if it is not the direct sum of two non- 
zero modules that M is S -indecomposable if it is not the direct sum of two non-zero A-modules in 
the category Mod 5 A A superalgebra is called to be gr- divisional (resp. gr-local) if every nonzero 
homogeneous element of it is invertible (resp. either invertible or nilpotent). 

3.4. Lemma ([6], §2.2). Let A be a finite dimensional superalgebra over K and M G Gr A. Then 

(i) M is S -indecomposable if and only if M is gr-indecomposable. 

(ii) M is gr-indecomposable if and only ifEnd^(M) is gr-local. 

(iii) // M is gr-simple then End A (M) is either a gr-divisional superalgebra concentrated in degree 
zero, or a gr-divisional superalgebra containing an odd involuting element. 

3.5. Definition. Let A and B be two finite dimensional superalgebras over K. We say that A and 
B are S- graded equivalent, denote by A B, if the categories Gr A and GrP are equivalent and 
B = End s A (P) for some finitely generated projective A-module P. 

The relationship between 7r-graded equivalence and a-graded equivalence is the following: 

3.6. Lemma. Assume that finite dimensional superalgebras A and B are a-graded equivalent. Then A 
and B are ir-graded equivalent. 

Proof. Assume that the categories Gr A and Gr B are equivalent and that there is a finitely generated 

projective A-module P such that B = End^(P). Observe that superalgebras B and B are isomorphic 

and that Gr B and Gr B are equivalent. Applying Lemma 3.3, End~(P) = End5.(P) = End^(P). The 
proof is completed. □ 

Let A be a finite dimensional superalgebra. Then A has a complete set of primitive orthogonal 
idempotents and denoted it by {/i, • • • , /„}. Let p = Afc be the projective A-module corresponding 
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to the primitive orthogonal idempotent /j of A. Then Pj = A/j and Lemma 3.3 and [4, Corollary 3.10] 
imply that Rom Mod ^ A (Pi, Pj) = Hom Mo d CT A(P, Pj) = fcAfj and Rom Mod * A (P h Pj) = fcAfj. 

We say that two idempotents / and g of A are S- equivalent if the A- modules Af and Ag are 
isomorphic in the category Mod 5 A The following is a criterion of S-equivalent of idempotents. 

3.7. Lemma. The idempotents f and g are S -equivalent if and only if there exist homogeneous elements 
x G f Ag and y G gAf satisfying xgy = f and yfx = g. 

Proof Note that Kom Mod s A (Af,Ag) is either f Ag or f Ag and that Hom Uod s A (Ag , Af) is either gAf 
or gAf. Assume that Af and Ag are isomorphic in the category Mod A. Then there exists invertible 
homogenous homomorphisms induced by homogeneous elements x G f Ag and y G gAf satisfying 
X 9U = f an d yfx = g. Conversely, suppose that there exist homogeneous elements x G f Ag and 
y G gAf satisfying xgy = f and yfx = g. Then x and y induce natural homomorphisms Af — > Ag, 
f ' t-> xg and Ag — > Af, g i— >■ yf respectively, which give the desired isomorphisms. □ 

The following definition is our investigation for all Clifford superalgebras in this note. 

3.8. Proposition-Definition (cf. Proposition 2.4, [6]). Let A be a finite dimensional superalgebra 
and J(A) the graded Jacobson radical of A. We say that the superalgebra A is S-graded basic if it 
satisfies the following equivalent conditions: 

(i) fi are pairwise non-S -equivalent for 1 < i < n. 

(ii) Any decomposition of A into indecomposable projective A-modules A = ©™ = iP satisfies Pi and 
Pj are not isomorphic in Mod 5 A for all 1 < i ^ j < n. 

(iii) A/J(A) is a direct sum of gr-divisional superalgebras. 

3.9. Remark. By [6, Theorem 2.3], a finite dimensional superalgebra A is S-graded equivalent to an 
S-graded basic superalgebra. More precisely, let {ej | 1 < i < n} be a complete set of non-S-equivalent 
orthogonal primitive idempotents of A. It follows that A is S'-graded equivalent to End 5 (©" =1 Aej), 
which is S-graded basic. 

The following Lemma is the key to the graded Morita classification for Clifford superalgebras. 

3.10. Lemma. Suppose that the superalgebras A and A' are S-graded equivalent to B and B' respec- 
tively. Then A®^A' is S-graded equivalent to B®kB' . 

Proof. Without loss of generality, we may assume that both B and B' are S-graded basic and that 
{/i, . . . , f r } and {f [,■■■, fr'} are the complete sets of orthogonal primitive idempotents of B and B' 
respectively. Now let {e\, . . . , e n } and {e[, . . . , e' n ,} be the complete sets of orthogonal primitive idem- 
potents of A and A' respectively. Then . . . , f r } C {e 1; . . . , e n } and {f[, . . . , f' r ,} C {e[, . . . , e' n ,}. 
Observe that {e, (g) e' |l < % < n, 1 < j < n'} and {f\ ® /j|l < i < r, 1 < j < r'} is a set of orthogonal 

idempotents of A®kA' such that Ylu e * ® e 'j = 1a ® 1a', and {fi (8) < i < r, 1 < j < r'} is a set of 
orthogonal idempotents of B®kB' such that ^ j fi® fj = Is ® !#' • Note that {fi <8> fj \ 1 < i < r, 1 < 
J < r'} C {e^ <E> e'j\l < i < n, 1 < j < n'}, which implies that the complete set of non-S-equivalent 
orthogonal primitive idempotents of A®kA' can be obtained form {fi ® < i < r, 1 < j < r'} 
by decomposing these orthogonal idempotents. As a consequence, A®^A' is S-graded equivalent to 
B® K B'. □ 

We close this section with some remarks. 

3.11. Remark. (i) The a-graded equivalence is exactly the so-called graded Morita equivalence de- 

fined in [13, 11] for group-graded algebras by ignoring the rule of signs in the case of superal- 
gebras. 

(ii) A finite dimensional superalgebra is cx-graded equivalent but not 7r-graded equivalent to itself. 

(iii) The rule of signs implies that for finite dimensional superalgebra the 7r-graded equivalence is 
deserving of a better understanding than a-graded equivalence, that is, for finite dimensional 
superalgebra A the category ModA should be study exhaustively. 
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(iv) Lemmas 3.6 and 3.7 show that the S'-graded basic classification of finite dimensional superal- 
gebras can be determined completely by its graded Morita equivalent classification, that is, by 
its cr-graded equivalent classification. 

4. Graded Morita equivalent classification of Clifford superalgebras 

From now on we will write M, C and H respectively for the real, complex and quaternion number- 
fields and view them as superalgebras over JR. concentrated on degree zero respectively and we will say 
a superalgebra to be graded basic if it is either a-graded basic or 7r-graded basic (cf. Remark 3.11(iv)). 
Note that JR., C and H are gr-divisional superalgebras; in particular, they are graded basic superalgebras 
according to Proposition-Definition 3.8. 

4.1. Let p, q and r be positive integers. Following Porteous [10], we denote by WL p ' q ' r the real quadratic 

space IRP +g+T " with the quadratic form p(x) = %{ + ■■ ■+x 2 — Xp +1 ■ — x 2 +q . The Clifford superalgebra 

Rp,g, r on W' q ' r is the real unitary superalgebra generated by odd generators ei, . . . , e p+q+r subject to 
the following relations: 

titj + tjti = for 1 < i 7^ j < p + q + r; 

e 2 = — e 2 +p = 1 for 1 < i < p and 1 < j < q; 

e 2 p+q+k = for 1 < k < r. 

Note that the Clifford superalgebra K.o,o,r is the real Grassmann superalgebra /\^(r) generated by odd 
generators e p+g+ i, . . . , e p+q+r . Observe that the orthogonal primitive idempotent of f\ R (r) is the unit 
1 since f\^(r)/ J(/\ R (r)) = R, which implies ArM are graded basic for all positive integer r > 1 
according to Proposition-Definition 3.8. 

For now on we write IR M for the Clifford superalgebra IR p ,q,o- It is well-known that there are 
superalgebras isomorphism M Pig ,r — Rp,g®R ArM an d Kp,g®R^p',(}' — ^p+p',q+q' for all positive integers 
p, q, r, p' and q', see [3] or [1, Proposition 1.6]. 

4.2. Let V = MP +q+r and a : V — > V, v i— > —v. Then a induces a automorphism of the (ungraded) 
Clifford algebra C£(V, p) = T(V)/ (v <g) v — p(v)\v G V) where T(V) is the tensor algebra of V. Since 
a 2 = Id, there is a decomposition 

C£ (V, p) = C£°(V, p) © C£\V, p) 

where Ct(V,p) = {(f> G C£(V, p) \ a((f>) = (— 1)V} are the eigenspaces of a. Clearly, since a(0i02) = 
a((f)i)a((j)2) , we have that 

Ct(V, p)CP(V, p) C Ct +] {V, p) for all i,j G Z 2 , 

that is, C£(V, p) is a superalgebra. It is an observation of Atiyah, Bott and Shapiro [1] that this 
Z2-grading plays an important role in the analysis and application of Clifford algebras. 

4.3. Remark. The two superalgebras ^ p , q , r and C£(V, p) are naturally isomorphic. 

Denote by D + (resp. D_) the real superalgebra generated by odd element e + (resp. e_) subject 
to the relation e 2 + = 1 (resp. e 2 _ = —1). For a positive integer n, we denote by (resp. D") the 
superalgebra ©+(8)r • ■ ■ ®r1D ) + (resp. 0_£g>K ■ ■ • ®kD_) [n factors) and write e+'"* n (resp. e l l"' %n ) for the 
homogeneous element e!^ ® ■ ■ ■ ® e+ G D™ (resp. e % l®- ■ - ®e l ™ G ©" ) where ij = 0, 1 for all 1 < j < n. 
Note that and are exactly M ni o and Mo,n respectively. 

4.4. Lemma. If n = 1,2,3 then D" and D" are gr-divisional superalgebras. 

Proof. First, it is trivial that B± are gr-divisional superalgebras. Noticing that the even (resp. odd) 
elements of are of the form a ® 1 + be+ ® e + (resp. a <S> e + + be + ® 1), where a, 6 G M, and that for 
all a, 6 G R, 

(a ® 1 + 6e+ ® e+)(a g) 1 - be + (8) e+) = (a 2 + 6 2 ) ® 1 = (a <g> e + + be+ ® l)(a ® e+ + fe+ (8) 1). 
Thus all non-zero homogeneous elements of are invertible, that is, is gr-divisional. 
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Set 1 := i+ := e° n , j+ := e^ 01 , k + := e^ 10 and 9 + := e 1 ^ 1 . Then it follows directly that 

9 + i + + i + 9 + = 0, = and # + k + + k + # + = 0. Furthermore, we have R(l, i+, j+, k+) = HI and 

= H © H0+. Note that 9+ is a odd element of satisfying 0% = -\ and that H is a err- divisional 
superalgebra concentrated on degree zero. So is gr-divisional. 

Observe that the even (resp. odd) elements of ID 2 , are of the form a©l+fce_©e_ (resp. a©e_+6e_©l), 
where a, b G R, and that for all a, 6 G R, 

(a <g> 1 + 6e_ © e_)(a © 1 - 6e_ © e_) = -(a 2 + 6 2 ) © 1 = (a <g> e_ + be_ © l)(a © e_ + 6e_ © 1). 
Thus all non-zero homogeneous elements of ID)_ are invertible, that is B 2 _ is gr-divisional. 

Set L := e° u , j_ := ei 01 , k_ := ei 10 , and := el 11 . Then it follows directly that 9A_ + = 0, 
0-3- +3-0- = 0, and #_k_ + k_#_ = 0. Moreover, we have R(l, i_, j_, k_) = H and Di = H © H#_. 
Note that is a odd element of Di satisfying # 2 = 1 and that EI is a gr-divisional superalgebra 
concentrated on degree zero. Thus is gr-divisional. □ 

4.5. Lemma. D + ©rD_ is graded Morita equivalent to the superalgebra R. 

Proof. Set A = D + ©rO_. By Proposition-Definition 3.8, it suffices to determine the non-cx-equivalent 
idempotents of A. Let f± = §(1 © 1 ± e+ © e_). Then /| = / ± , /+ + /_ = 1 © 1 and /+/_ = = 
f-f+, which implies that {/+,/_} is the complete set of orthogonal primitive idempotents of A since 
dimjjAo = 2. It is straightforward to show that 

f+Af_ = {r(e+ © 1 - 1 © e_) | r G R} and f-Af + = {r(e+ © 1 + 1 © e_) | r G R}. 

Let x = \{e + © 1 — 1 © e_) and y = ~(e + © 1 + 1 © e_). Then = / + and = /_. Applying 
Lemma 3.7, /+ and /_ are <7-equivalent orthogonal primitive idempotents of A. As a consequence, 
Proposition-Definition 3.8 implies that A is graded Morita equivalent to f + Af + = R/ + = R. □ 

4.6. Lemma. are graded Morita equivalent to the superalgebra HL 

Proof. By the proof of Lemma 4.4, the natural graded map e_ t— > 9 + gives an isomorphism between 
D_© M H and D^. Therefore, using Lemmas 3.10 and 4.5, B\ = D+© R D^ = © + © M D_© R H is graded 
Morita equivalent to the superalgebra HL Similarly, noticing that © + ©H = Di, we can show that 
is graded Morita equivalent to the superalgebra EL □ 

4.7. Remark. (i) The Lemmas 4.5 and 4.6 show that the skew tensor product of cr-graded basic 

superalgebras may not be u-graded basic. In particular, the skew tensor product of gr-divisional 
superalgebras may not be gr-divisional. 
(ii) Lemmas 3.6, 4.5 and 4.6 imply that D + © D_ and are also 7r-graded equivalent to R and EI 

respectively since D± = D T . 

Now we can obtain the graded Morita classifications for all real Clifford superalgebras. 

4.8. Theorem. Assume that p, q and r are non-negative integers. Then 

0(mod8); 
4(mod8); 

4 — z(mod8) for 1 < i < 3; 

4 + i(mod8) for 1 < % < 3. 
0(mod8); 

4(mod8); 

4 + i(mod8) for 1 < % < 3; 
4 — z(mod8) for 1 < i < 3. 
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[Note that these super -algebras are graded basic superalgebras.) 

Proof, (i) Note that D+ = R 1)0 and D_ = R 1)0 . Using [1, Proposition 1.6], Lemmas 3.10 and 4.5, 



f+ q , if P >q; 
f 1 T p , otherwise. 



Now by [10, §5.6], H®eEI is isomorphic to the 4x4 real matrix superalgebra concentrated on degree 
zero, which is (graded) Morita equivalent to R. Consequently, by Lemma 4.6, D± is graded Morita 
equivalent to R. Therefore Lemmas 3.10 and 4.6 imply that 



(i) if p > q then D 



v-q 



(ii) if p < q then 




if p — q = z(mod8), i — 0, 1, 2, 3, 
if p - q = 4 + z(mod8), i = 0, 1, 2, 3; 
if g — p = i(mod8), i = 0, 1, 2, 3, 
if g -p = 4 + z(mod8),z = 0, 1,2,3; 



By the proof of Lemma 4.6, ©+®rH = B 3 _ and 0_<g> K HI = B\. Applying Lemmas 3.10 and 4.5 again, 
we have D l + ® K H ^ CT Di _i and D j _®rH for 1 < i < 3. Noticing that q - p = 4 + z(mod8) if 

and only if p — q = 4 — z(mod8). As a consequence we complete the proof of (i) by [1, Proposition 1.6]. 

Note that R Pig , r = R g , p , r - Hence (ii) is follows directly by Lemma 3.6 and (i). □ 

4.9. Remark. Note that the Z 2 -graded Hochschild and cyclic (co)homology H*(A) of a finite dimensional 
superalgebra A is graded Morita equivalent invariant [15]. Theorem 4.8 implies that 

0, if * > 1; 



HA 



if * = 0, 



since R, EI and W ± for all 1 < % < 3 are separable superalgebras (see [2, Chap. IV- V], which gives 
a slight generalization of [7, Proposition 1] since the quadratic form p(x) = Yli=i x l ~ Ylj=i x p+j on 
M. p+q is degenerate. 

4.10. Let p and q be positive integers. We denote by €P' q the complex quadratic space C p+q with a 
quadratic form x\ + - ■ - + Xp. The Clifford superalgebra C Pig on C p ' q is the complex unitary superalgebra 
generated by odd generators ei, • ■ • , e p+q subject to the following relations: 

titj + ejei = for 1 < i ^ j < p + q; 

ef — 1 for 1 < i < p; 

e 2 p+j = for 1 < j < q. 

Note that the Clifford superalgebra Co, g is the complex Grassman superalgebra /\ c (q) generated by 
odd generators e p+ i, . . . , e p+q . Observe that the orthogonal primitive idempotent of f\ c (q) is the unity 
1, which implies that f\ c (q) are graded basic superalgebras for all positive integer q > 1. 

We denote by D = C © Ce the complex superalgebra generated by odd generators e subject to the 
relation e 2 = 1. For positive integer n, let D n be the superalgebra -D®c ■ • • ®c-D (n factors). Then 
D p = Cpfi and C P;5 = D p ®c f\ c (q) for all positive integers p and q, see [1, Proposition 1.6]. 

4.11. Lemma. D®cD is graded Morita equivalent to the superalgebras C. 

Proof. Set A = D®cD Let e± = |(1 <S> 1 ± ie ® e), where i is the imaginary unit of C. Then e\ = e±, 
= = and e + + e_ = 1 ® 1, which implies that {e + ,e_} is the complete set of orthogonal 
primitive idempotents of D 2 since dimc^o = 2. It is straightforward to show that 

e+As^ = {c(i (g) £ - 1(8) e) | c G C} and £_A£ + = {c(i ® £ + £ <g> 1) | c G C}. 

Let x = |(i<E>£ — 1<E>£) and y = ~(£(g)l-|-i(g)£). Then x£_y = £ + and y£+x = £_. Applying Lemma 3.7, 
e + and £_ are a-equivalent orthogonal primitive idempotents of A. Thus Proposition-Definition 3.8 
implies that A is graded Morita equivalent to e + Ae + = Ce + = C. □ 
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Now we yield the graded Morita equivalent classification for all complex Clifford superalgebras. 

4.12. Theorem. Assume that p and q are non-negative integers. Then C P)9 is graded Morita equivalent 
to graded basic superalgebra C p ( mo d2),g- 

Proof. Note that C p>q = C^oCSc Ac(^) anc ^ ^1,0 — D. It follows immediately that C Pj(? ~ CT C p ( mo d2), g 
by using Lemmas 4.11 and 3.10. On the other hand, note that C Pj(? = C Pi9 , we have C Pi9 m n C p ( mo d2), g - 
We complete the proof. □ 

5. The Grothendieck groups of Clifford superalgebras 

5.1. Most of the important applications of Clifford Superalgebras come through a detailed under- 
standing of their (^-graded) representations. This understanding follows rather easily form the graded 
Morita equivalent classification given by Theorems 4.8 and 4.12. In this section, we shall restrict our 
attention to the Clifford superalgebras IR Pj(? and C Pi o for all positive integers p and q in order to simplify 
our presentation, which are exactly those Clifford (super) algebras play a fundamental role in [1, 8]. 

5.2. We begin with some notations. For positive integers p and q, let Irr Pi(? be the set of all nonequiv- 
alent irreducible graded IR-module for R Pig in the category GrK Pj(J . Similarly, let Irr be the set of all 
nonequivalent irreducible graded M-module for C Pj o in the category GrC p> o- 

An object which will be of our interest is the following. Let K PtQ be the Grothedieck group of the 
category of finite dimensional graded real representations of R Pi9 , and let be the Grothedieck group 
of the category of finite dimensional graded complex representations of C Pj o- Then K VA and are 
the free abelian groups generated by Irr p (J and Irr^ respectively. 

From the classification of Theorems 4.8 and 4.12 we immediately conclude the following: 

5.3. Lemma. Let v VA and v 1 ^ denote the cardinality o/Irr pg and o/Irr^ respectively. Then 

v [2, if p-q = 0{mod4) ^ ^ c = f 2, if p is odd 
p,q 1 1, otherwise p 1 1, if p is even. 

Now we can obtain the main result of this section. 

5.4. Theorem. Let p and q be positive integers. 

(i) The elements Irr Pj(? , v VA and K p q are as given in the following table: 



p — g(mod 8) 





1 


2 


3 


4 


5 


6 


7 




R 


^1,0 


^2,0 


^3,0 


H 






lK-0,3 




{K, cr(M)} 


{Ri,o} 


{K 2 ,o} 


{M 3l0 } 


{e,a(e)} 


{K ,i} 


{K , 2 } 


{K , 3 } 


Vp,q 


2 


1 


1 


1 


2 


1 


1 


1 


K 


Z® Z 


z 


Z 


Z 


z©z 


Z 


Z 


Z 



(ii) v J, Irr J and ^ are owen fry following table: 



p(mod2) 


C p /^ 


I</^ 


w c 
p 







c 




2 


Z©Z 


1 


Ci,o 


{Ci,o} 


1 


z 



Proof. Note that the graded modules of a gr-divisional superalgebra without non-trivial odd part are 
some copies of this gr-divisional superalgebra. Then the theorem is a direct consequence of Theo- 
rems 4.8 and 4.12 and Lemma 5.3. □ 

We remark in closing that Atiyah, Bott and Shapiro obtained Theorem 5.4 by using the periodicity 
theorem for Clifford superalgebras [1, § 5], and it is important to understand the Atiyah-Bott-Shapiro 
isomorphisms [1, Theorem 11.5], see [1] and [8] for more details. 
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